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Abstrat. We investigate an alternative approah to the onnetion between
plasmons and the ground-state wave funtion of many-eletron systems, starting with
a lassial plasmon Hamiltonian. We obtain a presription for the part of the wave
funtion whih determines the long-ranged eletron-eletron orrelations; we then show
how this presription an be used to onstrut improved trial wave funtions for use
in quantum Monte Carlo simulations.
Using the quasi-2D eletron gas as a test system, we onstrut a trial wave funtion
of the Slater-Jastrow form, ombining mean-eld single-eletron orbitals with short-
ranged and plasmon-derived long-ranged orrelations. Variational quantum Monte
Carlo alulations show that the new wave funtion redues the expetation value of
the energy, but the short-ranged orrelations are more important than the plasmon-
derived ones. Finally, we present a omputationally-eient Jastrow fator, whih we
reommend for future simulations.
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1. Introdution
It has long been known that there is a onnetion between the olletive harge
osillations known as plasmons and the ground-state wave funtion of many-eletron
systems [1℄. In this paper, we aim to larify this onnetion.
The motivation for this work is the need for good trial wave funtions in our
Quantum Monte Carlo (QMC) simulations. The term `Quantum Monte Carlo' groups
together many dierent tehniques that involve using Monte Carlo methods to solve
problems in quantum mehanis [2℄. QMC is ommonly used to investigate the ground-
state of many-eletron systems; in this area, the two most popular versions of QMC are
variational and xed-node diusion Monte Carlo (VMC and DMC) [3℄. Both of these
methods rely on having a good estimate of the ground-state wave funtion in advane.
Conventionally, the many-eletron trial wave funtion takes the form
ΨT(X) = e
J(X)D(X) (1)
where X represents all the eletron spins and positions, D is a determinant made up
of single-eletron orbitals, and eJ is a totally symmetri funtion alled the Jastrow
fator. The quality of the single-eletron orbitals sets a hard limit on the auray of
VMC and DMC simulations. The Jastrow fator annot alter the position of the nodes,
and therefore annot improve the xed-node DMC energy; however, a good Jastrow
fator signiantly improves both the ground-state energy in VMC and the eieny of
xed-node DMC simulations. In ertain irumstanes, a poor-quality Jastrow fator
an make DMC simulations impossible, beause the onsequent population utuations
beome unmanageable. It is thus very important to obtain as muh information as
possible about the orret form of the wave funtion by analytial means. One way to
obtain a better Jastrow fator is through a onsideration of plasmons [4℄.
In a system with a homogeneous eletron density, plasmons are well-dened for
wavelengths above some ritial value; for wavelengths below this value, the plasmons
are able to deay to form eletron-hole pairs. The existene of long-lived plasmons
suggests that we should be able to separate the full many-eletron Hamiltonian into
a plasmon part and a sreened part. If we ignore the oupling between the two, we
an approximate the ground-state wave funtion as a produt of a plasmon term and a
sreened term. It turns out that the plasmon term naturally provides a signiant part
of the Jastrow fator. Several authors have studied this relationship for homogeneous
[1℄ and inhomogeneous [5℄ systems.
Here, we present a presription for obtaining a Jastrow fator for general
inhomogeneous systems that is onsistent with the previous work, although based on a
more `physial' approah; in addition, we show how a knowledge of the lassial plasmon
normal modes allows an alternative method for writing down J .
We then apply this method to our test system  the quasi-2D eletron gas. In doing
so, we illustrate some of the tehnial hallenges involved in onstruting a pratial
Jastrow fator, and introdue a new term to deal with short-range orrelations. The
results of our VMC simulations demonstrate the eet of the new Jastrow fator on
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the eletron density and on the energy expetation value. We nd that using the full
plasmon Jastrow fator redues the energy expetation value, although not signiantly
more than using only the short-ranged term.
The plasmon Jastrow exponent inludes terms whih orrelate the motion of pairs
of eletrons (usually denoted u), as well as single-eletron terms that at to modify the
eletron density (denoted χ). The relationship between the two is of the form proposed
by Malatesta et al [6℄, namely
χ(r) =
∫
Ω
n¯(r′)u(r, r′) d3r′ (2)
where n¯ is the eletron density. We use the same relationship when onstruting the
part of the Jastrow fator that deals with short-range orrelations (whih is not related
to plasmons); we hoose a form for u, and then alulate χ using the formula (2). The
resulting Jastrow fator performs very well, and is omputationally inexpensive. This
approah has the advantage of reduing the number of parameters in the Jastrow fator,
sine χ is ompletely determined one u has been hosen. Of ourse, additional terms
an subsequently be inluded in χ if required. It is normal to parameterise the Jastrow
fator in a exible way, and then to optimise the parameters; we nd that alulating
χ from u an signiantly improve the eieny of this proedure.
2. The plasmon Hamiltonian
Our rst task is to write down a lassial Hamiltonian for our system, whih onsists
of a gas of eletrons moving in some time-independent bakground potential φb. The
hydrodynami kineti energy of this gas is
T =
1
2
∫
Ω
n(r, t)me |v(r, t)|2 d3r (3)
where n is the eletron number density and v is the hydrodynamial veloity. We work in
the eletrostati approximation, negleting magneti interations and relativisti eets;
we an therefore write the potential energy as
V =
∫
Ω
en(r, t)
[
−φb(r) + 1
2
∫
Ω
en(r′, t)
4πǫ0|r− r′| d
3r′
]
d3r. (4)
The potential energy is minimised when the total harge density of the system is
uniformly zero. We an use this ondition, or simply take the variation of the potential
energy with respet to n to show that the required eletron density is n¯, where
φb(r) =
∫
Ω
en¯(r′)
4πǫ0|r− r′| d
3r′. (5)
The kineti energy an be simultaneously minimised by requiring that v = 0. Of ourse,
n and v are not independent, but when n = n¯ there is no net fore on the eletron gas
and v = 0 is an aeptable solution.
A plasmon is a small osillation about the ground-state density. We therefore write
n(r, t) = n¯(r)− ρ(r, t)
e
(6)
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where ρ is the hange in the harge density assoiated with the plasmon; this is assumed
to be small, along with all other time-dependent quantities, inluding v.
We an write our Hamiltonian as the sum of kineti and potential energies,
expanded around n = n¯:
H = T + V
=
1
2
∫
Ω
n¯(r)me|v(r, t)|2 d3r′ + 1
2
∫
Ω
∫
Ω
ρ(r, t)ρ(r′, t)
4πǫ0|r− r′| d
3r′ d3r
− 1
2
∫
Ω
ρ(r, t)me|v(r, t|2
e
d3r︸ ︷︷ ︸
higher−order
− 1
2
∫
Ω
∫
Ω
e2n¯(r)n¯(r′)
4πǫ0|r− r′| d
3r′ d3r︸ ︷︷ ︸
constant
. (7)
Omitting the onstant and third-order terms gives us the desired plasmon Hamiltonian:
H =
1
2
∫
Ω
ǫ0ω
2
p(r)|∇f(r, t)|2 d3r′ +
1
2
∫
Ω
∫
Ω
ρ(r, t)ρ(r′, t)
4πǫ0|r− r′| d
3r′ d3r. (8)
Two new variables have been introdued; the rst is the position-dependent plasma
frequeny
ωp(r) =
√
e2n¯(r)
meǫ0
. (9)
In a homogeneous gas of density n¯, bulk plasmon osillations are supported at this
frequeny (in the simple lassial model).
Seondly, we have hosen to write the veloity as the gradient of a salar eld:
v(r, t) =
e
me
∇f(r, t). (10)
This is permitted beause the ow is irrotational; the small perturbations to the
stationary ground state are aused by the Coulomb fore, whih annot indue rotation.
We must now determine the relationship between v and ρ. The fore on any innitesimal
volume element of our uid omes from the eletrostati interation of that element with
the surroundings; sine our uid is made up of eletrons, we have
mev˙ = e∇φ, (11)
where the time-dependent eletrostati potential is
φ(r, t) =
∫
Ω
ρ(r′, t)
4πǫ0|r− r′| d
3r′. (12)
This is the total potential: the ontributions from the bakground and the equilibrium
eletron density do not appear beause they anel exatly. We have ignored the pressure
in the uid.
The Hamiltonian (8) is written in terms of the elds f and ρ, whih we will show
below to be mutually onjugate. The orresponding anonial equations are
f˙ =
δH
δρ
= φ (13)
ρ˙ = −δH
δf
= −∇ · J. (14)
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The rst of these ensures that (11) is satised; the seond is the equation of ontinuity,
with the urrent density
J = −n¯ev. (15)
We have used the denitions (9), (10), and (12).
Our approah began with the formulation of a Hamiltonian. It is more onventional
to start with a Lagrangian, expressed in terms of the derivatives of a single eld;
the onjugate eld an then be dened, and a Legendre transformation leads to the
Hamiltonian. Our physially-motivated Hamiltonian an be derived from the following
Lagrangian:‡
L =
1
2
ǫ0
∫
Ω
[
−ω2p(r) |∇f(r, t)|2 +
∣∣∣∇f˙(r, t)∣∣∣2] d3r. (16)
We an now onrm that the harge density and the veloity potential are onjugate
variables:
δL
δf˙
= −ǫ0∇2f˙ = ρ. (17)
The Legendre transformation
H =
∫
Ω
ρ(r, t)f˙(r, t) d3r − L (18)
then gives the Hamiltonian desribed in (8).
Quantisation proeeds by letting f and ρ beome operators, subjet to the
ommutation relation[
fˆ(r), ρˆ(r′)
]
= i~δ(r− r′). (19)
3. Normal modes
To nd the ground-state wave funtion, we an write the plasmon Hamiltonian using the
normal mode amplitudes as variables. It will then be redued to a form orresponding
to a set of independent osillators, and we will be able to write down the ground-state
wave funtion.
The equation of motion for the eletrostati potential is obtained by ombining the
anonial equations (13) and (14) with the denitions (9), (10), (12) and (15):
−∇2φ¨ = ∇ · (ω2p∇φ) . (20)
The veloity potential satises the same equation; working with φ rather than f is
therefore a matter of hoie. On the other hand, we do not work with the harge
density beause the relevant equation of motion is less tratable.
‡ The reason for writing the Lagrangian in terms of f and f˙ , and hene making f into the `position'
variable (rather than ρ, whih would usually be the natural hoie) is that the kineti energy term
annot easily be expressed in terms of ρ˙.
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The dening harateristi of a normal mode is harmoni time dependene; the
normal modes of the eletrostati potential therefore satisfy the equation
ω2i∇2φi = ∇ ·
(
ω2p∇φi
)
. (21)
Assuming appropriate boundary onditions, the solutions of this equation are
orthogonal, in the sense that∫
Ω
∇φi · ∇φj d3r = δij, (22)
where we have hosen the normalisation. The modes are also orthogonal when weighted
with the loal plasma frequeny:∫
Ω
ω2p∇φi · ∇φj d3r = ω2i δij . (23)
These properties follow from (20), and the use of physial boundary onditions.
The anonial transformation to the normal oordinates {αi} and {βi} an be
ahieved with the generating funtion [7℄
Φ =
∑
i
βi
∫
Ω
∇φi · ∇f d3r. (24)
We then have
αi =
∂Φ
∂βi
=
∫
Ω
∇φi · ∇f d3r (25)
ρ =
δΦ
δf
= −
∑
i
βi∇2φi. (26)
Equation (25) shows that αi is the amplitude of the ith normal mode; the use of the
generating funtion ensures that αi and βi are onjugate variables.
We an invert these expressions by using the orthonormality ondition (22) to give
∇f =
∑
i
αi∇φi (27)
βi =
∫
Ω
φiρ d
3r. (28)
The quantum-mehanial operators representing the normal mode amplitudes obey the
ommutation relation[
αˆi, βˆj
]
= i~δij, (29)
as an be veried by substitution. If the normal modes are hosen to be real, the
operators {αˆi} and {βˆi} are Hermitian.
Using the normal oordinates, the Hamiltonian operator beomes
Hˆ =
1
2
∑
i
(
1
ǫ0
βˆ2i + ǫ0ω
2
i αˆ
2
i
)
. (30)
Given this simple form, we an immediately write down the ground-state wave funtion
in the βi-representation:
Ψpl({βi}) = exp
(
− 1
2ǫ0~
∑
i
1
ωi
β2i
)
, (31)
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or, using (6) and (28), we an write it in terms of the eletron density:
Ψpl[n] = exp
{
− e
2
2ǫ0~
∑
i
1
ωi
[∫
Ω
φi (n− n¯) d3r
]2}
. (32)
We would like to express the wave funtion in terms of the eletron oordinates
{ri}. To this end, we will use the denition of the eletron density
n(r) =
∑
i
δ (r− ri) (33)
to substitute for n. However, we must be areful. We have not derived the full ground-
state wave funtion for a many-eletron system here; we have only alulated that part
whih determines long-range orrelations and gives rise to long-wavelength olletive
harge osillations. Thus, we may write
Ψpl ({ri}) = exp
[
−1
2
∑
i,j
upl(ri, rj) +
∑
i
χpl(ri)
]
(34)
where
χpl(r) =
e2
ǫ0~
∑
i
1
ωi
φi(r)
∫
Ω
φi(r
′)n¯(r′) d3r′ (35)
and
upl(r, r
′) =
e2
ǫ0~
∑
i
1
ωi
φi(r)φi(r
′), (36)
as long as we understand that we are dealing with only part of the full many-eletron
wave funtion.
The two-body term, upl, orrelates the motion of pairs of eletrons. In a
homogeneous system, where the normal modes are plane waves osillating at the plasma
frequeny, it beomes
uhompl (r, r
′) =
e2
4πǫ0~ωp|r− r′| (37)
as expeted [1℄.
The plasmon theory also generates a one-body term, χpl. This an be thought of
as `density-restoring': it ensures that the eletron density does not deviate muh from
n¯, as it would if only the two-body term were present.
4. Construting the many-eletron wave funtion
Plasmons are long-wavelength osillations. In a homogeneous system with eletron
density (4
3
πr3s)
−1
, plasmons with a wave vetor greater than
kc ≈ 1√
rs
(38)
are no longer well-dened: they are able to deay to form eletron-hole pairs [8, 9℄.
Although the situation is less lear when the system is inhomogeneous, there will still
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be a ut-o; this means that the expressions derived above will only provide the long-
range orrelations between eletrons.
The full eletroni Hamiltonian ontains the kineti energy and the Coulomb
interation terms; the plasmon Hamiltonian ontains only the long-wavelength
omponents of the Coulomb interation. In eet, we have separated the Shrödinger
equation, based on the physial observation that plasmons exist, and have long lifetimes:
Hˆ ≈ Hˆpl + Hˆred. (39)
We neglet the weak oupling between the two terms. The remaining non-plasmoni
part of the Hamiltonian, Hˆred, inludes the usual short-wavelength interations, but the
long-wavelength interations are sreened: only a mean-eld piture remains, sine the
utuations around this mean eld make up the plasmons.
The full ground-state wave funtion an therefore be approximated by a produt
of two terms:
Ψ0 ≈ ΨplΨred, (40)
where Ψred is the ground state of the redued Hamiltonian operator (with the long-
wavelength interations treated in a mean-eld way).
We an ompare this approximation with the Slater-Jastrow wave funtion
onventionally used in QMC simulations (1). The plasmon ground-state wave funtion
Ψpl is exponential in form, and so makes up part of the Jastrow fator. If we ombine
a Slater determinant omposed of single-eletron orbitals obtained from a mean-eld
(density-funtional or Hartree-Fok theory) alulation with a Jastrow fator whih
inludes only short-range orrelations, then we have an approximation to Ψred. We still
need to determine the form of the short-range orrelations, but for this we an appeal
to Kato's usp onditions [10℄.
Our approximation to the ground-state wave funtion is therefore of the
onventional Slater-Jastrow type, with the following Jastrow exponent:
J = −1
2
∑
i,j
[upl(ri, rj) + ucusp(xi,xj)] +
∑
i
[χpl(ri) + χcusp(ri)] . (41)
The funtion ucusp should give the orret gradient disontinuity when the two relevant
eletrons lie on top of one another, and should tend to a onstant when they are far
apart (so that the plasmon term then dominates). The separation distane whih marks
the rossover between these two regimes should be of the order of k−1c . We hoose the
funtion
ucusp(xi,xj) =
(
mee
2
4πǫ0~2
)
1
2kc
(
1
1 + δσiσj
)
exp
(
−kcrij −
r2ij
L2c
)
. (42)
The Gaussian damping term has been inluded to avoid reating unwanted usps in the
wave funtion for periodi systems; the parameter Lc is set to ensure that ucusp is very
small when rij approahes the size of the simulation ell.
The introdution of ucusp will hange the eletron density of an inhomogeneous
system. Generally, eletrons will be pushed further apart, ausing regions of high density
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to spread out: the inhomogeneity of the system is redued. Fahy and oworkers [11℄ were
the rst to point out in the ontext of QMC simulations that adding a homogeneous§
two-body term auses the eletron density to beome more uniform. We have seen that
the plasmon theory generates a one-body term, χpl; this ompensates for the hange
in the eletron density whih would otherwise be brought about by upl. A similar
ompensatory term is required to go with ucusp; we have therefore inluded χcusp.
A omparison of the denitions of upl (36) and χpl (35) shows that they are related
as follows:
χpl(r) =
∫
Ω
n¯(r′)upl(r, r
′) d3r′. (43)
A relationship of this form between the one- and two-body terms in the Jastrow fator
was postulated by Malatesta et al [6℄, based on a plausibility argument. We will apply
the same priniple in this work to alulate the density-orreting term orresponding
to ucusp; in other words, we set
χcusp(r) =
∫
Ω
n¯(r′)ucusp(r, r
′) d3r′. (44)
In the following setions, we will test the eetiveness of this onstrution, along
with the other omponents of our Jastrow fator, by applying our method to a test
system: the quasi-2D eletron gas. This will also provide a demonstration of the proess
involved in reating the wave funtion.
5. The quasi-2D eletron gas
The quasi-2D eletron gas onsists of a gas of eletrons moving in the potential provided
by a xed bakground of positive harge. The bakground harge density is uniform,
with innite extent in the xy-plane but nite extent in the z-diretion. The number
of eletrons per unit area (in the xy-plane) is determined by the requirement that the
system be harge-neutral, and therefore depends on the density of the bakground harge
and on the slab width. Our simulation ell will onsist of a square of side L in the xy-
plane, with innite extent in the z-diretion.
Usually, the eletrons are allowed to spill into the vauum region, outside the xed
bakground; this system is onventionally referred to as the jellium slab. It is also
possible to onne the system further, by imposing innite potential barriers at the slab
edges: this is known as the innite barrier model. We will test both systems here.
5.1. Plasmon modes
The rst task is to determine the plasmon normal modes. We hoose our oordinate
system so that the upper and lower surfaes of the slab are at z = 0 and z = s; for the
§ The term `homogeneous' here refers to the fat that u only depends on the relative spin and separation
of the eletrons, and not on their individual positions, as is appropriate in a system of uniform eletron
density.
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purpose of alulating the normal modes, we will assume that the eletron density (and
hene the plasma frequeny) is onstant inside the slab and zero outside. Applying this
assumption to the normal mode equation (21) shows that outside the slab, the normal
modes are solutions of Laplae's equation:
∇2φi = 0 (z < 0, z > s) (45)
while inside the slab, we have(
ω2i − ω2p
)∇2φi = 0 (0 < z < s). (46)
From now on, we will use ωp to denote the onstant plasma frequeny within the slab.
The boundary onditions at z = 0 and z = s an be obtained in the standard way
[12℄. We integrate the normal mode equation (21) over an innitesimal Gaussian pillbox
straddling the boundary to show that ǫr∂φ/∂z must be ontinuous at the interfae, where
the relative permittivity is
ǫr =


1 outside the slab
1− ω
2
p
ω2
inside the slab.
(47)
Integrating the irrotational funtion ∇φ around an innitesimal Stokesian loop (again
straddling the boundary) shows that ∂φ/∂x and ∂φ/∂y are also ontinuous. We will
impose the additional requirement that the eletri eld must tend to zero far from the
slab.
Sine our system is periodi in the xy-plane, we look for solutions with xy-
dependene of the form cos(k‖ · r‖) or sin(k‖ · r‖). In the former ase, the eld outside
the slab is
φk‖ ∝ cos(k‖ · r‖)
{
ek‖z for z < 0
e−k‖(z−s) for z > s.
(48)
A seond solution is obtained by replaing cos(k‖ · r‖) with sin(k‖ · r‖).
We are now able to identify a speial ase: when ω = ωp. The permittivity of
the slab beomes zero; the ontinuity of ǫr∂φ/∂z at the interfaes, ombined with form
of the generi solution (48), then means that there is no eld outside the slab. The
remaining interfaial boundary onditions imply that φ must tend to zero at z = 0 and
z = s, but is otherwise unrestrited within the slab:
φ
1(b)
k
=


2
k
√
L2s
cos(k‖ · r‖) sin kzz for 0 < z < s
0 otherwise
(49)
φ
2(b)
k
=


2
k
√
L2s
sin(k‖ · r‖) sin kzz for 0 < z < s
0 otherwise.
(50)
The funtions are normalised in aordane with our earlier presription (22). These
osillations, ontained entirely within the slab, are alled bulk plasmons.
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Electrostatic surface plasmon dispersion relation for a thin slab
Figure 1. The dispersion relation for surfae plasmons in the eletrostati theory.
The slab width is 20 au. For metalli densities, the Fermi wave vetor is of order 1,
whereas kp ∼ 0.01. The plasmon frequeny very rapidly reahes the large-k limit of
ωp/
√
2; this is the result obtained for a semi-innite system.
Away from the plasma frequeny, the potential within the slab must also be a
solution of Laplae's equation. Applying the boundary onditions then gives
φ
1(s)±
k‖
(r) =
(
1∓ e−k‖s
2L2k‖
)1/2
cos(k‖ · r‖)


ek‖z for z < 0
ek‖z ∓ e−k‖(z−s)
1∓ ek‖s for 0 < z < s
∓e−k‖(z−s) otherwise
(51)
φ
2(s)±
k‖
(r) =
(
1∓ e−k‖s
2L2k‖
)1/2
sin(k‖ · r‖)


ek‖z for z < 0
ek‖z ∓ e−k‖(z−s)
1∓ ek‖s for 0 < z < s
∓e−k‖(z−s) otherwise.
(52)
These are the surfae plasmons; the eld is most intense at the interfaes, and deays
exponentially away from there. There are now four modes for eah k‖; the `plus' and
`minus' modes are antisymmetri and symmetri solutions, orresponding to the two
branhes of the dispersion relation
ω
ωp
=
√
1± e−ks
2
(53)
whih was rst obtained by Rithie [13℄ and is plotted in Figure 1. The analysis
of surfae plasmons in the eletrostati limit was rst presented by Ferrell [14℄; a
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more omplete treatment, going beyond the eletrostati limit and inluding quantum-
mehanial eets, is ontained in the work by Boardman [15℄.
The wave vetors k‖ and kz are subjet to several restritions:
• eah k‖ is a reiproal lattie vetor of the simulation ell;
• if k‖ is inluded in the set, then −k‖ is not;
• kz = nπ/s, where n is a positive integer;
• the magnitude is limited: |k| < kc;
• when k‖ = 0, there are no surfae plasmon modes (whih would not be
normaliseable) and no bulk plasmon modes of type 2 (whih would be zero
everywhere).
For the ut-o wave vetor kc, we use the result (38) for the homogeneous eletron gas.
One ould argue that a lower ut-o ought to be used for the surfae plasmon modes, for
whih ω ≈ ωp/
√
2 when k‖ is large; however, the ut-o is only expeted to be orret
to within an order of magnitude, and we use the same value for both sets of plasmons.
5.2. The plasmon Jastrow fator
Having identied the normal modes, we an apply the presriptions (35) and (36) to
onstrut the Jastrow fator. The resulting two-body term is
upl(r, r
′) =
e2
~ωpǫ0L2s
∑
k‖
cos
[
k‖ · (r‖ − r′‖)
] [
Fk‖(z, z
′)
+
∑
kz
4
k2
sin kzz sin kzz
′Θ(z)Θ(s− z)Θ(z′)Θ(s− z′)
]
. (54)
The funtion Fk‖ is dened in Appendix A.
Sine the density depends only on z, terms with k‖ 6= 0 do not ontribute to the
one-body term, and surfae plasmon modes are exluded. Assuming one again that
the density is onstant within the slab and zero outside gives
χpl(r) =
e2
~ωpǫ0
∑
kz
4n0
k3zs
sin kzz(1− cos kzs)Θ(z)Θ(s− z). (55)
5.3. Approximate analyti solution for a single surfae
It is possible to obtain an approximation to upl by taking the slab width s and the ell
size L to innity, in whih ase the sums beome integrals. The system is no longer a
slab but a single surfae (at z = 0) of innite extent in the xy-plane. If we also neglet
the ut-o kc, then we an solve the integrals analytially; in this limit, the full plasmon
two-body funtion is
u∞pl (r, r
′) =
e2
4πǫ0~ωp
[
Θ(z)Θ(z′)
(
1
|r− r′| −
1√
(z + z′)2 + (∆r‖)2
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+
√
2√
(|z|+ |z′|)2 + (∆r‖)2
]
. (56)
The ontribution from the bulk plasmons is only relevant when both eletrons are
inside the eletron gas; when the eletrons are deep inside, u∞pl tends to the expeted
homogeneous eletron gas form (37). The orrelation is boosted for eletrons loser to
the boundary.
The singularity at r = r′ is a result of negleting the ut-o kc; it does not appear
in the original expressions relevant to a nite slab and ell. In any ase, the plasmon
theory is not expeted to predit eletron-eletron orrelation aurately at short range.
5.4. Cusps: desirable and undesirable
The eletroni wave funtion should have a usp when two eletrons lie on top of eah
other [10℄. We impose this ondition by introduing ucusp and χcusp, as indiated in
equations (41), (42) and (44). This proedure depends on the unmodied wave funtion
being smooth: more preisely, it must be possible to expand this funtion in a Taylor
series about the point ri = rj, irrespetive of the positions of the other eletrons.
Unfortunately, this is not true for the plasmon wave funtion: the problem is that both
the bulk and surfae plasmon modes have usps at the slab edges. The funtions upl
and χpl therefore also ontain usps. This is not a problem in the innite barrier model,
beause the eletrons are then stritly onned within the slab, but it is a problem in
the jellium slab.
In fat, the usps in the plasmon wave funtion reate a more serious problem
in QMC. These extended gradient disontinuities lead to singularities in the Laplaian
whih should make a nite ontribution to the energy expetation value (unlike the point
singularities assoiated with the eletron-eletron usps). However, beause these points
(whih onstitute a region of zero volume) are never sampled in a QMC simulation, their
ontribution is missed, and any expetation values involving the Laplaian will not be
aurate.
Therefore, in order to ahieve proper sampling in QMC, and also to implement the
eletron-eletron usp onditions orretly, it is neessary to smooth out the plasmon
wave funtion: both upl and χpl must be modied to have ontinuous rst and seond
derivatives.
A simple and appealing method of removing the usps is to modify the pieewise
denitions of upl and χpl, blurring the boundaries between dierent regions. The
smoothing method whih we applied is desribed in Appendix B.
Figure 2 illustrates the eet of removing the undesirable usps from χpl and upl;
some detail is lost when the eletrons are lose to the slab edges. The omplete two-body
orrelation term, inluding both upl and ucusp, is shown in gure 3.
The purpose of the two-body terms is to inorporate orrelations into the wave
funtion: prinipally to keep eletrons apart. However, a seondary eet (in non-
homogeneous systems) is to alter the eletron density. In the ase of the slab, using
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Figure 2. Removing the unphysial slab-edge usps from upl (main graph) and χpl
(inset) at the slab boundaries. In the plots of upl, one eletron is xed while the
other is sanned along a line in the z-diretion; the x- and y-oordinates are hosen
to be the same, so that ∆r‖ = 0. The smoothed and unsmoothed urves are almost
indistinguishable when the eletrons are far from the slab edges; the most pronouned
dierene appears when one eletron is just inside the slab edge. These and the
following plots were alulated for a ell ontaining 600 eletrons, with s = 17.64248
and rs = 2.07 (in Hartree atomi units).
only a two-body term fores eletrons away from the entre, towards the slab edges;
the density spreads out more. This is undesirable, beause the initial two-determinant
wave funtion usually gives an aurate estimate of the density. The eet of upl on
the eletron density is ounterbalaned by χpl; to ounterbalane the eet of inluding
ucusp, we must also inlude the one-body term χcusp. We use the presription (44) to
alulate χcusp. Assuming that the density is onstant within the slab, we an perform
the integration analytially, as shown in Appendix C. The resulting one-body term is
plotted in gure 4; the relative size of the orretion is small (∼ 1% of χpl in the entre
of the slab). Fortunately, the orretion is uspless.
6. Results
In order to test the plasmon-derived Jastrow fator for the quasi-2D eletron gas, we
arried out variational Monte Carlo (VMC) simulations for both the jellium slab and
the innite barrier model. For both systems, a ell ontaining 600 eletrons was used,
with the slab width s = 17.64248 and density parameter rs = 2.07 (using Hartree atomi
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Figure 3. The smoothed plasmon two-body funtion, to whih the orret eletron-
ele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usps have been added.
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Figure 4. The one-body term χcusp, for various values of the ut-o distane Lc.
As Lc beomes large, the urves tend to a limit, beause the deay of ucusp is then
dominated by kc rather than Lc.
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units). At this eletron density (whih orresponds to aluminium), the plasma frequeny
is ωp ≈ 0.6 and the plasmon reiproal-spae ut-o is kc ≈ 0.7.
Using 600 eletrons means that the length of side of the ell is L = 35.5464; in this
relatively large ell, the long-range plasmon orrelations should be important, whereas
in a small ell with L ∼ k−1c , the short-range behaviour would be expeted to dominate.
In addition, it means that Lc = 5.5, so that Lc ≫ k−1c and the short-range funtion
ucusp is allowed to deay naturally. As a further hek, we also arried out simulations
for an even larger system ontaining 1600 eletrons.
The orbitals used to onstrut the determinant were obtained from LDA
alulations. In addition to the VMC energies, it is instrutive to ompare the eletron
density proles generated by the dierent Jastrow fators:
n(z) =
∫
Ω
|Ψ(r1, . . . , rN)|2
N∑
i=1
δ(z − zi) d3r1 · · · d3rN . (57)
During the VMC simulation, we periodially sample the z-positions of the eletrons.
These oordinates are taken from the distribution with probability density funtion
n(z)/N . To see this, onsider P (a < z1 < b) (the probability that the rst eletron lies
in a given z-range):
P (a < z1 < b) =
∫ b
z1=a
(∫
Ω
|Ψ(r1, . . . , rN)|2 dx1 dy1 d3r2 · · · d3rN
)
dz1
=
∫ b
z=a
n(z)
N
dz. (58)
We then reonstrut n(z)/N from the set of sampled points {zi}.
6.1. Jellium slab results
In all the density prole plots whih follow, we show the LDA prole for referene. This
is indistinguishable from the VMC prole when no Jastrow fator is inluded (as it
should be).
First, we investigate the eet of introduing only the homogeneous short-ranged
two-body term ucusp. As predited, the eletron density spreads out, oming loser to
the homogeneous system; this an be seen in gure 5. However, the eet is small.
The hange in eletron density brought about by using the plasmon two-body term
is muh more dramati, and is illustrated in gure 6. The long-range orrelations ause
the eletron density to be pushed almost entirely into bands outside the original slab.
In these regions, upl is muh weaker than in the entre.
The funtion of the one-body term is to restore the orret eletron density.
Remarkably, given the dramati separation observed in gure 6, this is ahieved by
χpl; gure 7 shows the density prole for the wave funtion inluding the full Jastrow
exponent (41).
An important test for the plasmoni wave funtion is to ompare it with a wave
funtion ontaining only the short-range eletron-eletron usp terms, ucusp and χcusp.
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Figure 5. The eet on the eletron density of inluding the homogeneous two-body
term ucusp in the Jastrow exponent. The density beomes slightly more homogeneous,
with more eletrons being pushed into the vauum regions outside the slab.
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Figure 6. The eletron density prole when the plasmon two-body term upl) is
inluded in the VMC wave funtion. The prole is ompletely dierent to the original
urve, with almost all the eletrons now at the slab edges. The hange is muh more
pronouned than when the homogeneous (and short-ranged) ucusp alone is used.
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Figure 7. The density prole when the full plasmon Jastrow fator is inluded in
the VMC wave funtion. The result is very lose to the original density, although not
perfet.
The density is plotted in gure 8, from whih it is evident that the original LDA density
is almost exatly reovered, exept for a small inrease in the density very lose to
the surfae. This is an indiation that the expression (C.10) for χcusp, whih was not
rigorously derived but onstruted based on a plausibility argument, works very well for
this system.
The results for a larger system of 1600 eletrons are almost idential to those for
the 600-eletron system; table 1 shows the eet of the dierent Jastrow fators on the
VMC energy for the two sizes. The lowest energy is obtained when only the short-ranged
part of the Jastrow exponent is used. This is beause, in this ase, the eletron density
prole is very lose to the (presumably optimal) original LDA prole. The short range
of the two-body term means that it disrupts the density less, and there is onsequently
less work for the one-body funtion to do.
In ontrast, the plasmon two-body funtion is very long-ranged, and has an
enormous impat on the eletron density (as seen in gure 6); the plasmon one-body
funtion is orrespondingly large. Although this funtion omes lose to restoring the
original density, it is not perfet: this may be due to the way in whih the funtions
have been smoothed, or the fat that the Jastrow fator was derived for an idealised
slab of onstant density.
These results suggest that having the orret eletron density is more important
than having the exat two-eletron orrelation. Up to this point, no optimisation
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Figure 8. The eletron density prole for a Jastrow exponent onsisting of only the
short-range two-body funtion ucusp and the orresponding one-body term χcusp.
Number of eletrons in ell Jastrow exponent used Energy per eletron (mHa)
600 none 32.5± 0.2
ucusp 12.5± 0.1
uspl + ucusp 3361± 3
short-ranged Jastrow 6.14± 0.07
full plasmon Jastrow 7.95± 0.06
1600 none 32.9± 0.2
short-ranged Jastrow 4.8± 0.2
full plasmon Jastrow 8.4± 0.4
Table 1. The energy per eletron, alulated in VMC, for the unbounded jellium slab.
Results for two dierent ell sizes and various forms of Jastrow exponent are shown.
The funtion uspl is the smoothed version of upl. The `full plasmon Jastrow' refers to
a Jastrow exponent of the type desribed in (41); the `short-ranged Jastrow' uses only
ucusp and χcusp.
has been arried out: all parameters have been alulated in advane, based only
on theoretial onsiderations. To improve the plasmon Jastrow fator, a reasonable
approah is to take that predited by (41) as a starting point, and then to add a small
one-body term with adjustable parameters.
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Figure 9. Eletron density prole for the bounded slab, with a Jastrow exponent
ontaining only the short-ranged two-body term. The disturbane to the density is
small; this is reeted in the VMC energy, whih is signiantly lower than when using
no Jastrow fator.
6.2. Innite barrier model results
Although the plasmon Jastrow fator for the unbounded slab performed well, and should
provide a good starting point for optimisation, the unoptimised form did not improve
on the simple short-ranged Jastrow fator, whih ame loser to maintaining the LDA
density and hene generated a lower energy.
The bounded jellium slab is in some ways a more aurate representation of the
system for whih the plasmon normal modes were derived; eletrons are truly onned
to the slab, as in the original model. In the bounded jellium slab, it is not neessary
to smooth out the usps at the slab edges, beause the determinantal part of the wave
funtion already goes to zero here. The smoothing is presumably one of the areas whih
ontribute to the small but signiant errors in the Jastrow fator for the unbounded
slab; the fat that it is not required for the bounded slab suggests that the results for
the plasmon Jastrow fator should be better here.
Figures 9, 10, 11, and 12 illustrate the eletron density proles for the various
dierent versions of Jastrow fator; the orresponding energies are reorded in table 2.
The eet of inluding only the short-range two-body term (gure 9) is to redue
the energy and move the eletron density away from the entre of the slab; as in the
unbounded slab, the hange in the eletron density is small.
Even with the eletrons onned to the slab, the plasmon two-body term ompletely
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Figure 10. Eletron density prole for the bounded slab, with the plasmon two-
body term only. The long-ranged orrelations alter the density drastially, as in the
unbounded slab; eletrons are pushed to the slab edges.
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Figure 11. Eletron density prole for the bounded slab, with the full plasmon
Jastrow fator. The density is very lose to the LDA form, and the energy is lower
than when using only the short-ranged Jastrow.
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Figure 12. Eletron density prole for the bounded slab, with the full short-ranged
Jastrow exponent. The LDA density is almost restored, and the energy is lower than
when using only ucusp, though not as low as that obtained with the full plasmon
Jastrow exponent.
Number of eletrons in ell Jastrow exponent used Energy per eletron (mHa)
600 none 85.9± 0.4
ucusp 62.2± 0.3
uspl + ucusp 8870± 70
short-ranged Jastrow 58.8± 0.2
full plasmon Jastrow 55.1± 0.1
1600 none 87.9± 1.2
short-ranged Jastrow 60.1± 0.9
full plasmon Jastrow 53.3± 0.8
Table 2. The VMC energy per eletron for the bounded jellium slab.
hanges the eletron density when used without the orresponding one-body funtion;
this is illustrated in gure 10. When the one-body funtion is applied, the density is very
lose to the LDA result, as an be seen in gure 11. The orretion is better here than
in the unbounded slab. Consequently, the energy is lower than that ahieved with the
full short-ranged Jastrow exponent; the density for the full short-range Jastrow fator,
shown in gure 12, is as good as that for the plasmon Jastrow fator, but the energy is
higher.
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7. Conlusions
We have presented an alternative approah to the onnetion between plasmons and
the ground-state wave funtions of many-eletron systems. Our approah reprodues
the results of earlier studies [1, 5℄ while emphasizing the role of the plasmon normal
modes; if the normal modes an be obtained, then the wave funtion an be written
down immediately.
The plasmon theory is onsistent with a wave funtion of the Slater-Jastrow form;
the plasmon-derived terms make up part of the Jastrow fator (the part dealing with
long-range orrelations between eletrons). The theory generates both the two-eletron
orrelation funtion upl and the single-eletron density-orreting funtion χpl; the
relationship between these two funtions (43) follows the general rule proposed by
Malatesta et al [6℄.
We have tested this relationship further, by applying it to our short-range
orrelation funtion; we derived χcusp from ucusp using this formula. The purpose of
χcusp is to ounterat the density-altering eet of ucusp, and our results show that this
objetive is ahieved almost perfetly. We therefore strongly reommend the use of the
relationship (43) as a means of analytially generating the one-body term without the
need for optimisation; any ne-tuning an be arried out later, starting from a funtion
whih is already lose to the ideal form.
The plasmon-derived Jastrow fator was suessful in reduing the expetation
value of the energy beyond the level ahieved by the short-range terms alone for the
bounded slab, but not for the unbounded one. The bounded slab is perhaps loser to
the model system for whih the normal modes were derived; more importantly, however,
the troublesome gradient disontinuities are not present in the plasmon Jastrow fator
for this system beause the eletrons are kept stritly inside the slab, and the wave
funtion does not need to be smoothed. In the unbounded jellium slab, the plasmon
one- and two-body terms are no longer perfetly mathed; the long-range orrelations
alter the eletron density in a way that is not ompletely ompensated for by χspl. This
disturbane to the density means that the energy expetation value atually inreases
slightly when the plasmon terms are inluded. In ontrast, the plasmon-derived one-
body term does a muh better job of orreting the eletron density in the bounded slab
system, and the result is that the expetation value of the energy is redued.
A better wave funtion ould be obtained by inluding an additional one-body
funtion in the Jastrow exponent, whih should be optimised with the aim of lowering
the energy or variane, while retaining the long-range plasmon-derived orrelations.
However, the plasmon terms are omputationally ostly, and it may be more pratial
to use only the short-range orrelation funtion, together with the assoiated one-body
term. These an be alulated quikly, and greatly redue the need for optimising
parameters.
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Appendix A. Denition of Fk‖
The ontribution of the surfae plasmon modes to upl is obtained by substituting the
elds (51) and (52) and the dispersion relation (53) into the presription (36) for the
two-body term. The result is
usurf(r, r
′) =
e2
~ωpǫ0L2s
∑
k‖
cos
[
k‖ · (r‖ − r′‖)
]
Fk‖(z, z
′). (A.1)
The funtion Fk‖ is dened pieewise in table A1. The onstants used in this denition
are
Ak‖ =
s
√
2
2k‖
√
1 + e−k‖s
Bk‖ =
s
√
2
2k‖
√
1− e−k‖s
Ck‖ = 1− ek‖s
Dk‖ = 1 + e
k‖s.
(A.2)
z z′ Fk‖(z, z
′)
< 0 < 0 ek‖(z+z
′−s)(−Ak‖Ck‖ +Bk‖Dk‖)
< 0 0→ s ek‖(z+z′−s)
(
−Ak‖ +Bk‖
)
+ ek‖(z−z
′)
(
Ak‖ +Bk‖
)
< 0 > s ek‖(z−z
′)(Ak‖Ck‖ +Bk‖Dk‖)
0→ s 0→ s 2 cosh [k‖(z + z′ − s)] (−Ak‖/Ck‖ +Bk‖/Dk‖)
+2 cosh
[
k‖(z − z′)
]
(Ak‖/Ck‖ +Bk‖/Dk‖)
0→ s > s ek‖(s−z−z′)
[
−Ak‖ +Bk‖
]
+ ek‖(z−z
′)
[
Ak‖ +Bk‖
]
> s > s ek‖(s−z−z
′)(−Ak‖Ck‖ +Bk‖Dk‖)
Table A1. The funtion Fk‖(z, z
′). This ontains all the z- and z′-dependene of the
part of upl arising from the surfae plasmon ontribution. The onstants Ak‖ , Bk‖ ,
Ck‖ and Dk‖ are dened in equation (A.2).
Appendix B. Smoothing the plasmon wave funtion
The pieewise onstrution of the plasmon wave funtion for the slab system leads to
gradient disontinuities at the slab edges. Here, we desribe our method for removing
these usps.
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For the purpose of illustration, onsider an arbitrary funtion f(x) with the
following form near the point x = x0:
f(x) = f1(x)Θ(x− x0) + f2(x)Θ(x0 − x). (B.1)
A smooth approximation to f is
f s(x) = f1(x)T (x− x0) + f2(x)T (x0 − x) (B.2)
where the smoothing funtion T has the following properties:
• the value and rst and seond derivatives are ontinuous;
• lim
x→∞
T (x) = 1;
• T (x) + T (−x) = 1.
This ensures that as long as f is ontinuous, the original value of f on the boundary is
preserved. A funtion with these harateristis is
T (x) =
1− tanh kcx
2
. (B.3)
This funtion has a transition region of size ∼ k−1c , whih is the shortest length-sale
available for plasmons with a ut-o of kc in reiproal spae. We therefore replae the
Heaviside funtions in the denitions of upl and χpl with T and obtain a wave funtion
with ontinuous seond derivatives.
Appendix C. Calulating χcusp
The formula for the one-body term χcusp is
χcusp(r) =
1
2
∫
Ω
[
ucusp(r ↑, r′ ↑) + ucusp(r ↑, r′ ↓)
]
n¯(z′) d3r′ (C.1)
=
(
mee
2
4πǫ0~2
)
3
8kc
∫
Ω
n¯(z′)e−kc|r−r
′|−(r−r′)2/L2c d3r′. (C.2)
The integral in (C.1) is over the ell. However, the fator of e−(r−r
′)2/L2c
in ucusp is
designed to ensure that ucusp beomes zero well before |r− r′| approahes the size of the
ell. Conveniently, this means that the integral may equally well be evaluated over the
entire xy-plane. Swithing to ylindrial polar oordinates gives
I =
∫
Ω
n¯(z′)e−kc|r−r
′|−(r−r′)2/L2c d3r′
= 2π
∫ ∞
z′=−∞
∫ ∞
ρ′=0
n¯(z′) exp
(
−kc
√
ρ′2 + (z − z′)2 − ρ
′2 + (z − z′)2
L2c
)
ρ′ dρ′ dz′. (C.3)
There is no dependene on x and y. A hange of variables gives
I = 2πL2ce
k2cL
2
c/4
∫ ∞
z′=−∞
∫ ∞
p=|z−z′|/Lc+kcLc/2
n¯(z′)
(
p− kcLc
2
)
e−p
2
dp dz′, (C.4)
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and hene
χcusp(r) =
(
mee
2
4πǫ0~2
)
3πL2c
8kc
ek
2
cL
2
c/4
∫ ∞
z=−∞
n¯(z′)
{
exp
(
−
[ |z − z′|
Lc
+
kcLc
2
]2)
− kcLc
√
π
2
erfc
( |z − z′|
Lc
+
kcLc
2
)}
dz′. (C.5)
This is a general formula whih applies when the eletron density is a funtion of z only.
If we make the approximation (one again) that n¯ is onstant within the slab, we then
obtain
χcusp(r) =
(
mee
2
4πǫ0~2
)
3
16
n0L
4
cπ
√
πek
2
cL
2
c/4
{
−
(
z
Lc
+
kcLc
2
+
1
kcLc
)
erfc
(
z
Lc
+
kcLc
2
)
−
(
s− z
Lc
+
kcLc
2
+
1
kcLc
)
erfc
(
s− z
Lc
+
kcLc
2
)
(C.6)
+
(
z − a(z)
Lc
+
kcLc
2
+
1
kcLc
)
erfc
(
z − a(z)
Lc
+
kcLc
2
)
(C.7)
+
(
a(z)− z
Lc
+
kcLc
2
+
1
kcLc
)
erfc
(
a(z)− z
Lc
+
kcLc
2
)
(C.8)
+
1√
π
e−(z/Lc+kcLc/2)
2
+
1√
π
e−[(s−z)/Lc+kcLc/2]
2
(C.9)
− 1√
π
e−([z−a(z)]/Lc+kcLc/2)
2 − 1√
π
e−([a(z)−z]/Lc+kcLc/2)
2
}
(C.10)
where
a(z) =


0 when z < 0
z when 0 < z < s
s otherwise.
(C.11)
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